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Abstract ' We have studied viscous fingcnug patterns produced by air dispIacAtg a highly viscous oil-paint in a lifting Helc-Shaw cell The Hele- 
.Shaw cell consists of two parallel glass plates, with the more viscous fluid sandwiched in between The plates are separated b> a pneumatic cylinder 
arrangement, when the less viscous fluid enters at the sides to produce the pattern. In ^ e  present work we show that the displaced fluid and the displacing 
fluid both show u distinctive scale invanance. The displaced oibpaint forms a fractid tree-like pattern, whereas the displacing atr forms fingers with a 
scale invariant distribution of lengths The length distribution shows log-pcriodic oscillations characteristic of discrete scale invariance (DSI).
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1. Introduction
M any  n a tu ra l p ro c e s s e s  s u c h  as  d e n d r i t ic  g ro w th , g ro w th  o f  
m ic ro b ia l c o lo n ie s ,  d ie le c tr ic  b re a k d o w n  a n d  c lo u d  fo rm a tio n s  
.show p a tte rn s  d is p la y in g  sc a le  in v a r ia n c e  in  so m e  fo rm  [ 1 1. 
V iscous f in g e r in g  (V F )  is  su c h  a p ro c e s s  w h e re  in s ta b ili ty  o f  th e  
in te rfa ce  b e tw e e n  tw o  f lu id s  le a d s  to  fo rm a tio n  o f  in te re s t in g  
p a tte rn s , o f te n  f ra c ta l .
T h e  H e le -S h a w  c e ll [2] is a  s im p le  e x p e r im e n ta l a rra n g e m e n t 
w lierc  V F  p a tte rn s  c a n  b e  c o n v e n ie n tly  p ro d u c e d  a n d  s tu d ie d . 
T he c o n v e n tio n a l H e ie -S h a w  c e ll c o n s is ts  o f  tw o  p a ra l le l  g la s s  
p la tes  w ith  a  v is c o u s  f lu id  (2 )  s a n d w ic h e d  b e tw e e n  th e m . A  le s s  
v isco u s f lu id  ( 1 ) is  fo r c e d  in  th ro u g h  a  h o le  a t th e  c e n te r  o f  th e  
u p p e r p la te . F lu id  1 sp re a d s  o u t in  th e  fo rm  o f  a  h ig h ly  b ra n c h e d  
p a lic m  w h ic h  m a y  b e  f ra c ta l .
In  th e  p re s e n t  w o rk , w e  a re  c o n c e rn e d  w ith  a  v a r ia tio n  o f  th e  
H eIe~Shaw  ce ll, th e  lif tin g  H c ic -S h a w  c e il (L H S C ) [3 ,4 ] ;  h e re  th e  
flu id  1 e n te r s  a t  th e  sides w h e n  th e  u p p e r  p la te  is lif te d  s lo w ly . A  
ty p ica l V F  p a tte rn  is fo rm e d  w h ic h  h a s  an  a d d it io n a l in te re s t in g  
fe a tu re . H e r e ,  th e  t r e e l i k e  f r a c ta l  p a t t e r n  is  fo r m e d  a s  th e  
b a c k g ro u n d  a s  th e  a i r  f in g e r s  p u s h  th e  f lu id  2  aw a y . In  th e  
c o n v e n tio n a l H S  c e ll ,  th e  d is p la c in g  f lu id  i ts e l f  fo rm s  th e  frac ta l 
pattern . M o reo v e r, in  o u r  L H S C  p a tte rn  th e  a ir  fin g e rs  a lso  e x h ib it 
a d iffe re n t ty p e  o f  s c a le  in v a r ia n c e . T h e  f in g e r  le n g th  d is tr ib u tio n  
o f the  a ir  f in g e rs  sh o w s  d is c re te  s c a le  in v a r ia n c e  w ith  lo g -p e rio d ic
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o sc illa tio n s  w h e n  In N (y )  is p lo t te d  a g a in s t ln (y ) [5 |.  H e re , N (y )  
is th e  n u m b e r  o f  f in g e rs  w ith  le n g th  g re a te r  th an  o r  e q u a l to  y. 
S o  th e  d is p la c e d  f lu id  p a tte rn  a n d  th e  c o m p lim e n ta ry  in tru d in g  
f lu id  p a t t e r n  b o th  s h o w  th e i r  o w n  ty p ic a l  s c a le  in v a r ia n t  
c h a ra c te r .
L o g - p e r io d ic  o s c i l l a t io n s  a rc  a c h a r a c te r i s t ic  fe a tu re  o f  
d is c re te  sc a le  in v a r ia n c e  (D S I) , w h ic h  h a s  re c e n tly  b een  sh o w n  
to  e x is t in  m an y  n a tu ra l sy s te m s  [6 ]. N a tu ra l frac ta ls  a re  e x p ec ted  
to  b e  ra n d o m  fra c ta ls , w ith  n o  d e f in ite  fa c to r  c h a ra c te r is in g  th e  
s c a lc - in v a r ia n c e , a s  is fo u n d  in  th e  d e te rm in is t ic  f ra c ta ls  e .g . th e  
K o c h  c u rv e  o r  S ie rp in sk i g a sk e t . S o rn e tte  [6 ] sh o w s  th a t m an y  
n a tu ra l sy s te m s  d o  in  fa c t h a v e  su c h  a  fac to r, w h ic h  is a n o th e r  
c h a r a c t e r i s t i c  o f  th e  s y s te m , in  a d d i t io n  to  th e  H a u s d o r f f  
d im e n s io n . T h is  is m a n ife s te d  in  p e r io d ic  o sc i l la tio n s  on  th e  
u su a l lo g - lo g  p lo t, w h o se  s lo p e  g iv e s  th e  H a u s d o r f f  d im e n s io n .
2. Experimental arrangement
T h e  L H S C  c o n s is ts  o f  tw o  c ir c u la r  g la s s  p la te s  o f  a b o u t 10 cm  
d iam eter. T lie  u p p e r p la te  c an  be ra ise d  o r lo w ered  by  a p n eu m atic  
c y lin d e r  a r ra n g e m e n t. T h e  tw o  p la te s  a re  a lw a y s  p a ra lle l . To 
g e n e ra te  th e  p a tte rn , a  b lo b  o f  o il-p a in t is  p la c e d  at th e  c e n tre  o f  
th e  lo w e r  p la te , a n d  th e  u p p e r  p la te  is b ro u g h t to  p re s s  d o w n  on 
i t  T h e  p a in t sp re a d s  o u t w ith  a  m o re  o r  le s s  c ir c u la r  o u tlin e . 
N o w  th e  u p p e r  p la te  is  ra is e d  s lo w ly  a n d  a ir  e n te r s  th e  g ap , 
d is p la c in g  th e  p a in t a n d  fo rm s  th e  c h a ra c te r is t ic  p a tte rn  sh o w n  
in F ig u re  1.
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3. Results
In  F ig u re  1, th e  w h ite  lin e s  a re  th e  h ig h ly  v is c o u s  f lu id  2  (h e re  
o il-p a in t) . In th e  m a n u a lly  se p a ra te d  L H S C , th e  p a tte rn  is m u c h  
m o re  b ra n c h e d  a n d  th e  p a in t p a tte rn  is  a  f ra c ta l w ith  h a u s d o r f f  
d im e n s io n  c lo se  to  1.5. a s  re p o r te d  in p re v io u s  w o rk  |4 ] .  In  th e  
m e c h a n ic a lly  d r iv e n  a r r a n g e m e n t u se d  in  th e  p re s e n t  w o rk , 
sm a lle r  p a tte rn s  o f  s i / c  c lo s e  to  I c m  h a v e  v e ry  l i tt le  b ra n c h in g  
an d  th e  fra c ta l n a tu re  is  n o t so  e v id e n t .
sh o w n  in  F ig u re  2  (h e re  In is th e  n a tu ra l lo g a r ith m ) . O n  the 
a v e ra g e , th e  v a ria tio n  is lin e a r  w ith  a  s lo p e  o f -  1 .4. T h is  ind icates 
a  p o w e r  law  b e h a v io u r
N{y) =  const,y' ( 1 )
w ith  m =  1 .4 , a p p r o x im a te ly .  H o w e v e r ,  r o u g h ly  p e r io d ic  
o sc i l la tio n s  a rc  c le a r ly  se e n  d e c o ra t in g  th e  a v e ra g e  s tra ig h t line 
W e h a v e  ta k e n  th e  d e r iv a t iv e  o f  th e  c u rv e  sh o w n  in  F ig u re  2  to 
b r in g  o u t th e  o sc i l la tio n s  m o re  c lea rly . It is sh o w n  in F ig u re  3, A
Figure 1. A typical pattern produced by air displacing oil-paint in the 
LHSC
Figure 3. The derivative of ihe curve in Figure 2, dlog N(y)/d log y v\ 
log(y) shows the oscillations more prominently
lo m b  p e r io d o g ra m  o f  th e  d e r iv a t iv e  g iv e s  th e  m o s t p ro m in e n t 
p e r io d  a s  c lo s e  to  1.5, th is  is sh o w n  in  F ig u re  4 . I f / d r n o t e s  the 
fre q u e n c y  o f  th e  lo g - p e r io d ic  o sc i l la t io n , th e  sc a l in g  fa c to r  for 
in v a r ia n c e  b  is  g iv e n  by
/  =  l / l o g ( f c ) . (2)
1.60 2.00 2.40 2.80
logy
3.20 3.60
F igure 2. Log N(y) plotted against log(y) shows an average linear 
behaviour with periodic oscillations.
determinism in the apparently stochastic process and the value 
o f this period may help in specifying the formation mechanism 
of the pattern. This is seen for exam ple in the analysis o f the 
length distribution of cracks in a geological formation [7],
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The presence of scale invariance in the air fingers as well as 
(he complimentary paint pattern, is very interesting. The mass 
distribution of the compliment o f a fractal pattern must of course, 
be compact.
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